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ABSTRACT

A generalized time fractional thermoelastic study under one relaxation time consideration is presented here for the
two dimensional model having infinite half space. To analyze the thermal response of the problem, the infinite space
is subjected to periodical varying heat source with respect to time. Futher, time derivative involved in heat transfer
equation is of Caputo type having order ¢ . Certains thermomechanical boundaries are applied at lower surface.
Here the solution is obtained directly by employing Laplace and Hankel transformation but inversion for Laplace is
evaluated by numerical method as given by Gaver-Stehfast algorithm. Properties of Copper metal is selected for the
numerical analysis and results of temperature and stress distributions are presented graphically by using MATLAB

software.
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INTRODUCTION

n theory of thermoelasticity the problems are
mainly classified into two categories, namely static
and dynamic thermoelastic problems. The dynamic
problem of thermal stresses are widely importantand
applicable in many engineering processes which
fundamentally deals with high temperatures for
example aerodynamic structures and nuclear reactors.
It is noted that for classical uncoupled thermoelastic
modelling (a) No elastic terms contained in heat
transfer equation. (b) Heat transfer equation is of
parabolic type which predicting the in-finite speeds of
propagation of heat wave. Because of above two
phenomenon the theory is found not compatible with
physical observations. The first overcome is shortcome
by the introduction of coupled thermoelastic theory
by Biot [1] but parabolic in nature still exist in both
coupled and uncoupled thermoelasticity.

Further, two new generalizations were introduced
in the coupled thermoelasticity theory. The first
generalization is done by Lord and Shulman [2], in
which wave type heat equation obtained by replacing
classical Fourier law with a new modified law. And
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for both the coupled and uncoupled cases second
shortcome is automatically eliminated since associated
heat eagaton is a hyperbolic one.

The thermoelastic theory which deals with concept
of two relaxation times or having temperature
dependency is known as second generalization. The
thermoelastic theory with two relaxation times was
developed by Green and Lindsay [3].From last few
years, a lot of research work has developed in theory
of fractional [4-19].

In this present study, we modify the work done by
[20] by considering heat transfer equation with the
time derivative of Caputo type having order ¢ .
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MATHEMATICAL MODELING OF THE PROBLEM

Following [20], let’s assume a generalized problem of
thermoelasticity of two dimensional homogeneous
isotropic solid, whose z -axis and bounding plane are
kept perpendicular. The above problem is formulated
for one relaxation time and fractional time derivative
having orderQ < ¢ < 2. To observe the thermal

behavior of solid a known function of temperature flow
is applied and free mechanical loads at the surface
medium is maintained. For formulation of problem
cylindrical coordinate system is used and initial

temperature flow at T, .

For generalized thermoelasticity the governing
equation with variables I', Z, t represented asin [20]
following:

The equations of motion:
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The heat transfer equation with fractional derivative of
order O<a <2 [7]
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Inwhich the Riemann Liouville integral is | « expressed
in convolution type form as:

1%g(t) = j ))_g(s)ds a>0 (g

Here, Lebesgue integrable function is g(t)and the

Gamma function isT'( ).
for absolutely continuity of , we have
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where, thermal conductivity is denotedby k , 7, refers
for relaxation time, strain tensor components is €,

Specific heat at constant strain is denoted by C_,

absolute value of temperature is T, in natural state

medium temperature is T,, with assumption
as (T —T,)/T|<<1.

The Caputo derivative for g(t) having order ¢ is

m-a-1

T(m-a) °

m-1l<a<m (6)

d g"(r)dr,

D;,g(t) = D"

Where D/ |.] denotes differential operator of fractional
order ¢ with respect to time t.
Further,

e=u/r+oul/or+ow/oz (7)

For ¢ — 1the equation of heat conduction (3),

becomes
KV2T = (0/t+7,0° 10t J(pCe T +7.T,8)— p(L+7,0/t)Q (8)

Equation (8) is nothing but the equation in generalized
theory with one relaxation time subjected to heat
source.

For ¢ — 1 with 7, — Othe equation (3), transform
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Which is the heat equation obtained is same as in
coupled theory of thermoelasticity.
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The following dimensionless variables are introduced:
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ANALYTICAL SOLUTION OF THE MODEL

A+2u
G = P The Laplace transform (LT.) for g(r, z,t) is defined
as
Here, c, is the speed of isothermal elastic waves .
propagation. LT.of [g(r,z,t)]=(r,z,5) = je‘“g(r, 2,t)dt (22)
0

Using (13), the governing equations as well as _ _ o
constitutive relations take the form (for convenience ~ On following Povstenko [9] for Riemann-Liouville

we drop the primes) fractional integral the Laplace transform has the from
Vzu—£+ A+u e_i+2u@21+2u o%u L[I g(t)] Lg(t)]] n>0 (23)
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Now, applying Laplace transform to (14) to (20)
(14) consecutively and using (23), we obtain
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On combining (14) and (15) and using equation (10),
we obtains 5 6_U+@
- “\a o (30)
Vie-Vio= o2 (20) The condition as in (21) are written as
The corresponding initial conditions are given as 0 =f.(r,s) (31)
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After removing g from the (26) and (27), we obtains
The mechanical and thermal boundaries for the

region 0< 1 < oo defined as (V= V2[s? 457 (54 7,87) L+ & )|+ 57 (5 + 7,52) |0

= 5" Y1+7,8)(VZ-5?)Q (33)
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Y44 (21)
o,,(r,0,t)=0 (34)
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where k2 and k? denotes the roots of the characteristic ;
i nl 2 Q,o(.r) smnt; O<t<r
equatio Q=y 27r ¢ @3
{.k“—(sz+s“’1(s+rosz)(1+s))k s (s+7,8° )} 0: t>t
(35)

The solution of (34) can be presented as, Where, Q, - heat source strength

o On employing Laplace & Hankel transformation (43)
0=0+6,+0, (36) becomes

Where 6, is a solution of the Q, 7”(1+ e )

Q'(&.2,5)= (44)
(V2-k?)6 =0 for i=1,2 (37) (s2c% +2?)

On simplifying equation (42) becomes,

Further, 9_p denotes the particular integral of (34).
s 1trys) g Quar(lre )

Next, Hankel transforrr_1at|on (H.T.) of g(&,z,9) p Q12Q22 (521'2 +712) (45)
w. I. tr of zero order defined as
The required solution of the problem in the transformed
g°(&,2,5) =H.T.of [g(r,z,5)] domain is
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g=H" [g* (5 )] = J. g ()&l o(&r)dé (39) Further, on taking the inversion of Hankel transformation
0 of both sides, we obtain

In which, J, denotes the first kind Bessel’s function ®
of order zero. 0(r,z,5s) J.{ZA(‘: S)( )e v
Employing the H.T. to (37) , we obtain °
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The solution of the (40) can be expressed in the form, similarly eliminating between (26) and (27), we get,

6 =AE Ik -5 ) @D v k)(ve—k2)le = —s“ (L4 7,8)V2 Q (48)
Where ¢, = m On employing Hankel transform of (48), we get,
Next, employing the H.T. on (34), we obtains {(D2 - qf)(D2 - qﬁ)}é* = 5“1+ ros)(D2 —52)6*(49)
(02 -a?)(D? -a2)}8; =—s“*(1+7,5)(D>-q?)Q  The Complete solution of (49) is,

(42)

s)kZ e 4*
where g = JFTTT & (,2,5)= ZA(: )

For cylindrical co-ordinates, the periodically varying N $“M1+7,8)E% Qyrr(l+ e‘”)
heat source has taken the form, qlzqzz (Sz 724 ﬂ_z) (50)
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Further applying the inversion of Hankel Transformation,
we obtain

e(¢,2,5)=] {ZA((S s)k?e ¥

0
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+
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The component of axial displacement is obtained by
using equations (47) and (51) in Hankel transformation
of equation (25) as
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On employing inversion of H. T. of (52), we get
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On using equations (50) and (52) in (7) after employing
Hankel and Laplace transformation, we obtain
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After taking H.T. inversion on both sides of equation
(54), we get,
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The stress components tensor are expressed as
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After using the Hankel transform, the boundaries (31)
and (32) become,

0°(¢,0,8)=7(5,s)
5,,(£,0,5)=5,,(£,0,5)=0
Next, implying the boundaries (58) and (59) to
determine the unknown parameters, we get,
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Numerical method is utilized to obtain the complete
solution of the problem on using equations (60) to
(62).

INVERSION OF DOUBLE TRANSFORMS

Numerical inverting method is adopted to remove the
complexity in Laplace transform inversion by using the
algorithm by Gaver-Stehfast [17-19, 20]. Gaver and
Stehfast approximation modified formula is as

f(t) = Ir'ZZD( )=
— p+M mir, pVM) nM (Zn)!
Y )

F( p'”zj (63)

t
Here,y -eveninteger, M =y / 2,and m isthe integer
part of the (p +1)/ 2 . Here with the use of Stehfast
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algorithm optimal value of ¥ was chosen for fast
convergence and high accuracy of results. Inorder to
evaluate the involved integral the technique by
Romberg numerical integration [19] with variable step
size was used. Numerical analysis is done by MATLAB.

NUMERICAL RESULTS AND DISCUSSION

Following [20] we consider copper as the thermoelastic
material with following physical constants

k=386J/.K.ms a, =1.78x10° /K

C. =383.1JK/g.K

1 =3.86x10"°N./m A =7.76x10°N./m

p =8954k.g/.m7,=0.02s T, =293K
£=0.0168N.m./J, ¢, =4.158x10°m./ s
n=8886.73s./m, g2 =4, a=1, 6,=1,b=1

The above said numerical investigation for different
a when t=0.15. In Figures 1-2, the distribution of
temperature and axial stresses are plotted along radii
with different « .

1. Finite speeds of propagation it is noted for heat
flow and elastic effects.

2. Thedistribution of temperature and thermal stress
found directly proportional to parameter ¢ .

3. Distributions of temperature and stress show that
there is strongly dependency of variation on ¢ .

Hence, we can say that fractional parameter of order
o Significantly affects the temperature and stress
distribution for infinite half space.

CONCLUSION

In this article, we studied a two dimensional time
fractional problem of infinite half space problem with
one relaxation time with varying periodically heat
source. It is noticed that due to variation of heat
source along the radial direction non-dimensional
temperature and axial stress component changes
non-uniformly with fractional parameter. Heat wave
flow here assumes finite speed of propagation
because of presence of relaxation parameter in the
basic equations.

Also the graphical analysis shows a significant
relationship between the thermal field propagation
with fractional parameters. The distributions of
temperature and axial stress increase with increasing
of ¢¢ . Consideration fractional order parameter gives

new classification of materials which establish
relation between material ability to conduct with heat
flow.

Hence, from this study we can say that the effect
of fractional theory on the generalized thermoelasticity
more realistically describes the behavior of the
particles as compare to integer order. Finally, it is
concluded that the solutions discussed in this problem
will plays significant role for the development of new
structures having wide applicable in real life.
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Figure 1: Dimensionless temperature distribution along
radial direction for different value of fractional
derivative o
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Figure 2: Dimensionless axial stress distribution along
radial direction for different value of fractional
derivative
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